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We consider the Cauchy problem for systems of semilinear wave equations in 
two and three space dimensions with small initial data. Del Santo et al. [“Geomet- 
ric Optics and Related Topics” (F. Colombini and N. Lerner, Eds.), Progress in 
Nonlinear Differential Equations and Their Applications, Vol. 32, pp. 117-140, 
Birkhauser, Boston, 19971 have studied the existence and nonexistence of global 
classical solutions of the Cauchy problem except for the critical case. In this paper 
we study the critical case, and we show the nonexistence of global classical 
solutions and also give the upper bounds of the life span. o 1999 Academic Press 
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semilinear wave equations, 
u,, - AU = I v I ' ,  
v , ,  - AV = I u ~ ' ,  
( X ,  t )  E R" x [0, m), 
( X ,  t )  E R" X [0, m), 
(1.1) 
(1.2) 
(1.3) 
(1.4) 
U (  x, 0) = sf l (  x), u,( x, 0) = sgl( x), 
V (  x, 0) = sfz( x), u,( x, 0) = s g z (  x), 
x E R", 
x E R", 
where 1 < p I q, n = 2,3, 6, g j  E Cm(Rn) and s > 0 is a small parameter. 
The subject on nonlinear wave equations has been extensively studied by 
many authors. (See for instance [l-10, 12-35], and see also references 
cited in those papers.) Among them, the following Cauchy problem for the 
scalar semilinear wave equation is closely related to the system (1.1)-(1.4), 
u,, - AU = I u I ' ,  ( x , t )  E R" X [O,m), (1.5) 
( 1.6) U (  x, 0) = sf( x), u,( X ,  0) = s g (  x ) ,  x E R", 
where 6, g j  E CY(R"). As for the Cauchy problem (1.5)-(1.6), one of the 
basic results is summarized as follows: There exists the critical power p,(n) 
such that when 1 < p < p,(n), the classical solution of (1.5)-(1.6) blows up 
in a finite time provided that the initial data f and g satisfy certain 
positivity conditions, and when p >p,(n),  the problem (1.5)-(1.6) has a 
global (classical) solution provided s > 0 is sufficiently small (see John 
[12], Glassey [9, 101, Sideris [27], Lindblad and Sogge [20], Georgiev et al. 
[S]). The critical power p,(n) is given by the positive root of the quadratic 
equation: 
n - 1  n + l  
p ( T p  - - 1 = 0. (1.7) 
This critical exponent p,(n) has been conjectured by Strauss [28]. We note 
that p,(3) = 1 + fi and p,(2) = (3 + m ) / 2 .  The critical case p = p,(n) 
was studied by Schaeffer [25] and Zhou [34, 351 for n = 2,3, and it is 
shown that the critical power p,(n) belongs to the blowup case. The small 
data blowup problem of (1.5)-(1.6) when p =p , (n )  and n 2 4 is still 
open. 
We turn our attention to the Cauchy problem (1.1)-(1.4). Having the 
above results in mind, one can anticipate the blowup result when 1 < p  I 
q < p,(n), and existence results when p,(n) < p I q. But it does not seem 
to be clear which result holds when 1 < p I p,(n) I q. In [6], Del Santo et 
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al. have studied the existence and nonexistence of global classical solutions 
of (1.1)-(1.4) with f i ,  g j  E CY(R"). They divided the region { ( p ,  q )  : 1 < p 
~ p , ( n )  I q$ by a curve 
and have proved the following results. When T ( p ,  q,  n )  > 0, the classical 
solution of (1.1)-(1.4) blows up in a finite time provided jRngj(x) dx > 0, 
( j  = 1,2). Conversely, when T ( p ,  q, n )  < 0 and 5 - n I p I q I 6 - n ,  
the problem (1.1)-(1.4) has a global classical solution provided s > 0 is 
sufficiently small. They also proved corresponding results for n 2 4. (See 
also Del Santo [5].) Independently, Deng [7] has studied the nonexistence 
of global solutions of (1.1)-(1.4) when T ( p ,  q,  n )  > 0 and n I 3. 
Therefore the following question naturally arises: When p ,  q lie on the 
critical curve T ( p ,  q,  n )  = 0, do most small solutions of (1.1)-(1.4) exist 
globally in time? Or do they blowup in finite time? In this paper we study 
the critical case T ( p , q , n )  = 0, and we show the nonexistence of global 
classical solutions and also give the upper bounds of the life span for 
(1.1)-(1.4) for n = 2,3. Here, given p ,  q, f i ,  and g j ,  we define the life span 
T * ( s )  as the supremum of all T such that a C2-solution of (1.1)-(1.4) 
exists for all x E R" and 0 I t < T .  Since we need the positivity of the 
fundamental solution for the wave operator d: - A ,  we restrict ourselves 
to the case when n = 2 or n = 3. Our main result in this paper is as 
follows. 
THEOREM 1.1. Let 1 < p  I q,  n = 2,3, T ( p ,  q,  n )  = 0, g j  E Cm(Rn), 
and 0 < s I 1. Assume that 
Then the classical solution of (1.1)-( 1.4) blows up in a finite time, and there 
exists a positive constant C, independent of s ,  such that the life span T * ( s )  of 
the classical solution of (1.1)-(1.4) satisfies 
T* ( s )  I exp( Cs-p(pq-  I ) )  i fP < q ?  (1.10) 
T*( s )  I exp(Cs-P(P-l)) i f p  = q.  (1.11) 
It is interesting to compare our results with those for the single nonlin- 
ear wave equation (1.5)-(1.6) with the classical power p =p,(n) .  For the 
life span T ( s )  of classical solutions of (1.5)-(1.6), Zhou has proved in [34, 
351, among other things, that if n = 2 or n = 3, there exist positive 
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constants A and B such that 
And Takamura [29] gave a simple proof of the upper bound of T(s), 
especially for the case n = 2. (For the life span of classical solutions of 
(1.5)-(1.6), see also [2, 12, 17, 19, 30, 32, 331.) 
The plan of this paper is as follows. In Section 2, based on the argument 
in Zhou [34] and Takamura [29] for the single equation (1.5)-(1.6), we 
reduce the blowup problem for (1.1)-(1.4) to that for a system of integral 
equations (2.4)-(2.5). That is, using pointwise estimates of the fundamen- 
tal solution for the wave operator d: - A ,  we show that the solution 
(u( x, t ) ,  u( x, t ) )  of (1.1)-( 1.4) is estimated from below by functions 
(U(r, t) ,V'(r , t))  related to a solution of (2.4)-(2.5) in some region (see 
Proposition 2.1). In Section 3, we transform (2.4)-(2.5) into (3.2)-(3.3) by 
scaling (3.6) to obtain the upper bounds (1.10) and (1.11) of the life span 
for (1.1)-(1.4) in Theorem 1.1. The scaling (3.6) is also originally due to 
Zhou [34]. However, the treatment of the system (3.2)-(3.3) is completely 
different from that in [34]. In fact, the proofs of Lemmas 2.9 and 2.10 in 
[34] (see also the Appendix in [29]) rely on the peculiarity to the scalar 
equation, and it seems to be difficult to apply the method in [34] to the 
system (3.2)-(3.3). Moreover, the terms eahi and eBhi  with ctl < 0 and 
p > 0 in (3.2)-(3.3), which never appear in the problem for the single 
equation (1.5)-(1.6), make the problem difficult. Therefore, we need a 
completely different method from that in Zhou [34] to prove Proposition 
3.1. A part of the method used in Lemmas 4.4-4.6 is similar to ideas which 
have appeared in Schaeffer [25,26] and Rammaha [22]. Our method is also 
applicable to the problem for the single equation (see Section 4). In 
Section 5, we give the proof of Lemma 2.1, which is a basic estimate to 
prove Proposition 2.1. Finally, in Section 6, we prove the existence of the 
local solution of (1.1)-(1.4) for the sake of completeness. 
The work in the present paper was started when Professor Rentaro 
Agemi and Professor Hiroyuki Takamura visited at  Shizuoka University on 
May 1998. At that time, Professor Takamura proposed a question whether 
or not the method in Zhou [34] and Takamura [29] for the single equations 
(1.5)-(1.6) is applicable to the system (1.1)-(1.4) in the critical case. This 
paper gives an affirmative answer for the question. After we proved 
Theorem 1.1 in this paper, we learned from Professor Takamura that 
Agemi, Kurokawa, and Takamura [18] obtained a similar result to Theo- 
rem 1.1 by another approach (see Remark 1.6 in [18]). They also obtained 
the lower bounds of the life span of classical solutions for (1.1)-(1.4) for 
the case when n = 3 and 2 IP I q, which show the sharpness of the 
upper bounds (1.10) and (1.11) in Theorem 1.1. 
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2. COMPARISON PRINCIPLES 
We associate with a function w(x) of x E R" its spherical means at  the 
origin with radius r ,  
where on and dS,  stand for the surface area and the surface element of 
the unit sphere in R", respectively. By the assumption g2(0) > 0 in (1.9), 
there exists a positive number K such that 
E < r >  > o for 0 I r I K .  (2.1) 
Without loss of generality, we can assume that 0 < K < 1. We introduce 
the following functions for 0 < r < t ,  
U ( r , t )  = r - (" - , ) /Z( t  - r ) -"*X(t  - r ) ,  
V ( r , t )  = r - (" - , ) /Z( t  - r ) - q * Y ( t  - r ) ,  
(2.2) 
(2.3) 
where p* = w p  -9, q* = w q  -9, and ( X ( s ) , Y ( s ) )  is the so- 
lution of the following system of integral equations, 
X ( s )  = C l s P  + C,[(k - f j v a l Y ( v ) l d v  ( s  2 1), (2.4) 
where we have set 
a! = 1 -pq* ,  p = 1 -qp*, (2.6) 
and C, and C, are positive constants depending only on p ,  q ,  K ,  and 
g 2 ( x ) ,  which are defined by (2.17) and (2.27) below. Notice that the local 
solution of (2.4)-(2.5) is constructed in the following function space 
for sufficiently small S > 1, by a method of successive approximation 
Now we are in a position to state the main result of this section. 
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PROPOSITION 2.1. Let 6 > 0 ,  1 < p  I q, n = 2,3, and g j  E CYR"). 
Assume that (1.9) holds. Let ( u ,  v )  be the C2-solution of (1.1)-(1.4), and let 
(U, V )  be the functions given by (22H2.3).  Then we have 
i i ( r , t )  2 U ( r , t ) ,  . " ( r , t )  2 V ( r , t )  for 1 I t - Y I Y , (2.8) 
as long as ( u ,  v )  and (U, V )  exist. 
To prove Proposition 2.1, we prepare several lemmas. 
LEMMA 2.1. Assume tha t f , (x)  = 0 ,  g . ( x )  2 0 f o r x  E R" a n d j  = 1,2. 
Let ( u ,  v )  be the C2-solution of (1.1)-(1.4j. Then we have for r > 0, 
ii( r ,  t )  2 C J ( E ) (  r ,  t )  + L( I."I)"( r ,  t )  9 
."( r ,  t )  2 cJ(g7;)( r ,  t )  + L( l i i l "> (  r ,  t )  9 
(2.9) 
(2.10) 
where 
(2.11) 
(2.12) 
Lemma 2.1 is originally due to John [12] for n = 3 and Agemi [l] for 
n = 2. For the sake of completeness, we give the proof of Lemma 2.1 in 
Section 5. 
Note that {(A, 7)  E R: : 17 - hl I t - r ,  t - r I 7 + h I t + r }  c 
D(r ,  t )  when 0 < r < t .  We define two subsets of D(r ,  t )  for 1 I t - r I r .  
Then 
D1(r , t )  = { ( h , T )  E R t  
D 2 ( r , t )  = { ( h , ~ )  E R t  
17 - hl I K / 2 ,  t - r IT + h I 3 ( t  - r ) } ,  
1 I 7 -  A ,  T +  h I 3 ( t  - r ) , t  - - Y  I A} 
Note that 3(t - r )  I t + r for t I 2r,  and that Dl(r ,  t )  n D2(r ,  t )  = 0 
because we have assumed 0 < K < 1. See Fig. 1. 
For the subsets of D(r ,  t ) ,  we set 
(2.13) 
346 
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t 
2 ( t  - r )  
t - r  
1 
4 2  
c 
-7- = 2 x  
P 
4 2  t - r  r 3 ( t - r )  t + r  
FIGURE 1. 
Then  we have from (2.12), 
(2.14) 
(2.15) 
LEMMA 2.2. Under the assumption of Proposition 2.1, we have 
L,(IiIP)(r, t )  2 2 ~ , s ~ r p ( n p 1 ) / 2 ( t  - .Ipp* 
where C, is a positive constant defined by 
for 1 I t - r I r ,  (2.16) 
Pro05 Note that if t - r 2 1, we have 
l ~ - h l 1 ~ / 2 ,  K I ~  ~ ~ + h f o r ( h , ~ )  E D , ( r , t ) .  (2.18) 
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Therefore, it follows from (2.1 l), (2.18), and (2.17) that 
J ( E ) (  A ,  7 )  2 C 3 A - ( n - 1 ) / 2  f o r (A ,7 )  E D 1 ( r , t ) .  (2.19) 
Since (2.10) and (2.19) imply 
."(A, 7 )  2 C 3 s A - ( n - 1 ) / 2  for ( A ,  7 )  E Dl( r ,  t ) ,  
we get by (2.13): 
Since - nl 
2 P = - (p*  + 1) < 0 and ( A  I 3(t - r )  if ( ~ , 7 )  E 
Dl(r, t ) ,  we have 
Here, lDl(r, t)l denotes the area of Dl(r ,  t ) ,  so we have lDl(r, t)l = K(t - 
r ) .  Thus, (2.16) follows from (2.20) and (2.21). This completes the proof. I 
Next we define for N > 1: 
Q ( N )  = { ( r , t )  E R: 1 I t - Y I Y , t + Y I 3N}. 
See Fig. 2. 
LEMMA 2.3. Under the assumption of Proposition 2.1, if 
ii( r ,  t )  2 U( r ,  t )  for ( r ,  t )  E Q( N ) ,  (2.22) 
then we have 
. " ( r , t )  2 V ( r , t )  for ( r , t )  E Q ( N ) .  (2.23) 
Moreover, if (2.23) holds, then we have 
i i ( r , t )  2 U ( r , t )  + c1sPr-(n-1)/2(t  - r y *  for ( r ,  t )  E Q( N ) .  
(2.24) 
Pro05 First we show that (2.22) implies (2.23). Assume (2.22) and let 
( r , t )  E Q ( N ) .  Then we have t - r I N and so we have D2(r ,  t )  c Q(t  - 
r )  c Q ( N ) .  Thus, we have from (2.13) and (2.22): 
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t 
t + r = S N  
FIGURE 2.  
If we change the variables by 
[ = ? - + A ,  q = ? - - A ,  (2.25) 
and employ (2.21, we get 
(2.26) 
because the [-integral is estimated from below by (3(t - r))-(q*+l)(t - r 
- 71, where C, is a positive constant defined by 
c 2 = 3-(q*+1)/4 = min{3-(P*+1)/4, 3-(q*+1)/4}. (2.27) 
Now, (2.23) follows from (2.101, (2.151, (2.261, (2.51, (2.61, and (2.3). 
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Next we show that (2.23) implies (2.24). Assume (2.23). Then, in a similar 
way to (2.26), it follows from (2.13), (2.23), and (2.3) that 
(2.28) 
By (2.9), (2.14), (2.16), (2.28), (2.4), (2.6), and (2.2), we have 
I 
Proof of Proposition 2.1. By (2.2) and (2.4), we have for 1 = t - r I r :  
U ( y , t )  = y-(n-l)/2(t  - . )-”*x(1) = ClsPr-(n-1)/2(t - .)-”*. 
i i ( r , t )  2 L1(IUIP)(r , t )  2 2 C 1 s P r - ( n - 1 ) / 2 ( t  - r ) -”*  > U ( r , t ) .  
Thus, it follows from Lemma 2.2 that for 1 = t - r I r :  
Therefore, by the continuity of ii and U, there exists N > 1 such that 
E(r, t )  > U(r ,  t )  holds for ( r ,  t )  E Q ( N ) .  Put 
No = sup{ N > 1 : ii( r ,  t )  > U( r ,  t )  holds for ( r ,  t )  E Q( N ) }  . 
Suppose that No < +m. Then we have 
min{ii( r ,  t )  - U( r ,  t )  : ( r ,  t )  E Q( N o ) }  = 0. (2.29) 
By (2.29) and Lemma 2.3, we find that 
i i ( r , t )  2 U ( r , t )  + C1sPr-(n-1)/2(t - r ) -”*  > U ( r , t )  
f o r ( r , t )  E Q ( N o ) ,  
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which contradicts to (2.29). Therefore, we conclude that No = + 00. Hence, 
we obtain 
i i ( r , t )  2 U ( r , t )  for 1 s t  - r I r .  (2.30) 
Moreover, by (2.30) and Lemma 2.3, we have 
E ( r , t )  2 V ( r , t )  for 1 I t - r I r .  
I This completes the proof of Proposition 2.1. 
3. PROOF O F  THEOREM 1.1 
To prove Theorem 1.1, we combine Proposition 2.1 with the following 
PROPOSITION 3.1. Let a ,  b ,  p ,  q,  a ,  p ,  y,  and h be constants satisjjing 
proposition. 
l < p < q ,  p 2 0 ,  y > o ,  h 2 l .  (3.1) 
Let (&I, $(z) )  be a solution of the following system of integral inequalities 
p(z) 2 1 + yh"J'(1 - e p h ( Z p c ) ) e " h c l $ (  [ ) y d [  ( z  2 0 ) ,  (3.2) 
$ ( z )  2 yh'/'(l - e p h ( Z p c ) ) e " c l ( p ( [ ) 1 4 d [  ( 2 2  0).  (3.3) 
0 
0 
Assume that either 
u + p ( b  - 1) 2 0 ,  + p p  2 0 ,  (3.4) 
a + p b 2 0 ,  a 2 0 .  (3.5) 
or 
Then the life span of (&), $(z) )  is bounded j?om above by a positive 
constant depending only on p ,  q, p ,  and y. 
We give the proof of Proposition 3.1 in Section 4. 
Proof of Theorem 1.1. For the solution ( X ( s ) , Y ( s ) )  of (2.4)-(2.5), we 
set 
p(z) = ( C , e P ) p l X ( e h z ) ,  $ ( z )  = ( C , e 4 ) p 1 Y ( e h z ) ,  (3.6) 
where h = epp with positive constant p, which is determined later. 
Clearly, h 2 1 for 0 < e I 1. A direct calculation shows that (cp(z), $ ( z ) )  
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satisfies (3.2)-(3.3) with a = 1 - 
min{Cf- 'C,, Cf- 'C,} > 0. 
b = 1 - v, and y = P '  
By the assumption that T ( p ,  q,  n )  = 0 ,  we get from (1.8) and (2.6): 
- ( n  + 1)/2(1 -PP*) 
p* + ( n -  1)/2 ' > 1, 
[ ( n  + 3)/2lP + 1 
P(P* + ( n  - 1)/2) 
(3.7) 
q =  
( n  + 1)/2(1 -PP*) 
P(P* + ( n  - 1)/2) . P =  
Particularly, we have ctl + p P  = 0. 
First we consider the case 1 < p  < q. Then we have 1 < p  <p,(n),  
which is equivalent to pp* - 1 < 0, where p,(n) is the positive root of 
(1.7). Therefore, we have ctl < 0 and P > 0. In this case, we set p = p ( p q  
- l), which yields a + p ( b  - 1) = 0. Hence, the assumption (3.1) and 
(3.4) are fulfilled. 
Next we consider the case 1 < p = q. Then we have p = p,(n), which is 
equivalent to pp* = 1, hence ctl = P = 0. In this case, we put p = p ( p  - 
l), which yields a = b = 0. Hence, the assumptions (3.1) and (3.5) are 
fulfilled. 
Applying Proposition 3.1, we find from (3.6) that the life span S* of 
(X(x), Y(s)) is bounded from above by exp(Cs-P(pq-')) when p < q and 
by exp(Cs-P(p-')) when p = q ,  where C is a positive constant indepen- 
dent of s. Moreover, we see that limsupS7,, X ( s )  = +m. Thus by (2.2), 
we have lirnsupr7,, U(r,2r) = +m. Hence by Proposition 2.1, we get 
T * ( s )  I 2S*, which yields (1.10) and (1.11). This completes the proof of 
Theorem 1.1. I 
4. PROOF OF PROPOSITION 3.1 
In this section we give the proof of Proposition 3.1. In what follows, we 
assume that (cp(z), $ (z ) )  is a solution of (3.2)-(3.3) under the condition 
Assume (3.1). Let A > 0 ,  0 < h I 1, and 2 2 0. Suppose 
(3.1). 
that 
LEMMA 4.1. 
p(z) > A  ( 2 2 2 ) .  (4.1) 
$ ( z )  2 C,Aqh2hb-'eaAz ( z  2 2 + h ) ,  ( 4 4  
$ ( z )  2 C,Aqh2hb ( z  2 2 + h ) .  (4.3) 
Then there exists a positive constant C, depending only on P and y such that 
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Pro05 First we show (4.2). Since h 2 1 and 0 < h I 1, it follows from 
(3.3) and (4.1) that for z 2 Z + h,  
Thus (4.2) follows from (4.4) and the following fact: 
Next we show (4.3). Again from (3.3) and (4.1) we have for z 2 2, 
$ ( z )  2 yhb/z(l - e p A ( z p e ) ) e p A Q q d [  
Z 
2 yhbAqlz (1  - epA(Zp c )  d< .  (4.5) 
Z 
Thus (4.3) follows from (4.5) and the fact that for z 2 Z + h we have 
This completes the proof. I 
LEMMA 4.2. Let B > 0 ,  0 < h I 1, and Z 2 0. Suppose that either 
(3.4) and $ ( z )  2 Bhbp leoAz  ( z  2 Z ) ,  (4.7) 
(3.5) and $ ( z )  2 Bhb ( z  2 2 ) .  (4.8) 
(4.9) 
or 
Then there exists a positive constant C,  depending only on y such that 
p(z) 2 C 5 B P ( z  - Z - 1) ( z  2 Z + 1) ,  
p(z) 2 C,BPh2 ( z  2 Z + h ) .  (4.10) 
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Pro05 Under the assumption (4.7) or (4.81, we show 
p(z) 2 yBP/ ' ( l  - e -h (z - i ) )  d[ ( z  2 2 ) .  (4.11) 
Z 
First we assume (4.7). It follows from (3.2) and (4.7) that for z 2 2, 
p(z) 2 yh"/z( l  - e - h ( Z - < ) ) e a h i g P h P ( b - l ) e P B h < d [  
Z 
1 - e - h ( Z - < )  ,(a+PB)h<d[. (4.12) - yBPh"+P(b- 1)  1; ( 1 
By the assumption that a + p ( b  - 1) 2 0 and ctl + p p  2 0 in (3.4), we 
have (4.11). Next we assume (4.8). It follows from (3.2) and (4.8) that for 
z 2 2, 
p(z) 2 yh"/'(l - e-A(z-<))eah<Bphpbd[ 
- y ~ p ~ ~ + ~ b ~ z ( l  - e - X - < ) ) e a h <  d [ .  
Z 
(4.13) 
By the assumption that a + pb  2 0 and ctl 2 0 in (3.5), we have (4.11). 
Thus, (4.9) follows from (4.11) and the fact that for z 2 2 + 1 we have 
While (4.10) follows from (4.11) and (4.6). I 
From Lemmas 4.1 and 4.2, we have the following lemma. 
LEMMA 4.3. Assume (3.1) and either (3.4) or (3.5). L e t A  > 0,O < h I 1, 
and 2 2 0. Suppose that 
p(z) > A  ( 2 2 2 ) .  (4.14) 
Then there exists a positive constant C,  depending only on p ,  p ,  and y such 
that 
p(z)  2 C , A P ~ ( Z  -2 - 2) (4.15) 
p(z)  2 C,APqh2p+2 ( z  2 2 + 2h) .  (4.16) 
( Z  2 2 + 2),  
LEMMA 4.4. For any L > 0 there exists a constant 2, = Z,(L) > 0 such 
p(z) 2 L ( 2  22,) .  (4.17) 
that 
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Pro05 From (3.2) we have p(z) 2 1 for all z 2 0. Thus it follows from 
p(z) 2 C,(Z - 2) ( 2  2 2). (4.18) 
Lemma 4.3 (we take A = 1 and Z = 0 in Lemma 4.3) that 
Thus Lemma 4.4 follows from (4.18). 
constants A, and 2, such that 
I 
LEMMA 4.5. Let j be a nonnegatwe integer. Suppose that there exists 
p(z) 2 A, ( z  2 Z,). (4.19) 
Then there exists a constant M > 1 such that 
p(z> ' A J + l  (' "J+l)? (4.20) 
where 
Pro05 From (4.19) and Lemma 4.3 (we take A = Aj,  h = l / ( j  + l)', 
and Z = Z j  in Lemma 4.31, we have 
Thus we obtain (4.20) and (4.21). I 
LEMMA 4.6. Let {A,};=, be the sequence defined by (4.21). I f A o  > L o  := 
~ v e ( 4 ~  + 4)m , then we have l imJ+m A, = 00. Here u = l / (pq  - 1) and m = 
Ey= z(pq)Yklog k.  
Pro05 From (4.21) we have 
Since pq > 1, this completes the proof. I 
We are now in a position to give the proof of Proposition 3.1. 
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Proof ofProposition 3.1. Put A ,  = L o  + 1. If we take 2, = Z , ( A , )  in 
Lemma 4.4, we have p(z) 2 A ,  for z 2 2,. Moreover, it follows from 
(4.21) that Z j  = 2, + Ci= 12/k2 for j 2 1. Thus if we put Z* := supj2 Z j  
= 2, + C",_,2/k2, we have Z* < 00. From Lemma 4.5 for any j 2 1 we 
have p(z> 2 Aj for all z 2 Z*. Therefore, from Lemma 4.6 we see that 
the life span of (p(z>, $(z>> is less than or equal to Z*. Since the positive 
constant Z* depends only on p ,  q,  p ,  and y ,  this completes the proof. I 
5. PROOF O F  LEMMA 2.1 
In this section, we give the proof of Lemma 2.1. Let u , ( x , t )  be the 
solution of the Cauchy problem to the homogeneous wave equation 
u,, - AU = 0 ,  ( ~ , t )  E R" X [O,m), (5.1) 
u ( x , O )  = 0 ,  u, (x ,O)  = g ( x ) ,  x E R". ( 5 4  
Then, as is well known, u,(x,  t )  is given by u,(x,  t )  = I ( g ) ( x ,  t ) ,  where 
t 
I ( g ) ( x , t )  = -1 g(x + t o )  dS, for n = 3, (5.3) 
0 3  Iwl=l 
LEMMA 5.1. Let n = 2,3, g E Co(R">, and g(x> 2 0. Then we have for 
r > 0 ,  
_I 
I ( g ) ( r , t )  2 J ( g " ) ( r , t ) ,  (5.5) 
where J is the operator defined by (2.11). 
(see 111, p. 811), 
Pro05 The proof is based on the identity for iterated spherical means 
where we have set 
h( p ,  A; r )  = (( A + r)' - p 2 ) (  p 2  - ( A  - 1) ' ) .  (5.7) 
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When n = 3, we immediately get (5.5) from (5.3) and (5.6). When n = 2, it 
follows from (5.4) and (5.6) that 
because g"(h) 2 0. Since ( A  + r)' - p 2  I 4rh for p 2 Ih - Y I  and 
(for the proof, see [13, Lemma 2.411, we therefore get (5.5). The proof is 
completed. I 
We prove only (2.9), because the other is handled 
similarly. Let u(x, t )  be a solution (1.1) and (1.3) with f l ( x )  = 0. Then we 
have by the Duhamel principle 
Proof of Lemma 2.1. 
Taking the spherical means with respect to x E R" and using Lemma 5.1, 
we have 
which implies (2.91, because l u l p 2  161" for p 2 1. This completes the 
proof. I 
APPENDIX 
In this Appendix we prove the existence of the local solution of the 
system of semilinear wave equations (1.1)-(1.4). For T > 0, we introduce 
[he rollowirlg rurlcliorl space X,, 
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where the norm I I  . I I  is defined by 
llull = sup lu( x, t )  I .  (6.2) 
( x , t ) t R n X ( O , T )  
In addition, we set for 6 > 0, 
X,( 6 )  = {( u ,  0) EX, : llull + llull I a}. (6.3) 
Let u,  and v, be the solutions to the homogeneous wave equation (5.1) 
satisfying (1.3) and (1.4), respectively. If f i  E C;(R") and g j  E Ci(Rn), 
then there is a positive constant C, = C,(fi, g j )  such that 
(d,Yu,,d,Yvo) e X ( C , s )  f o r I y l s 2 .  (6.4) 
(For the proof, see, e.g., [3, 211 for the three-dimensional case and [17, 30, 
311 for the two-dimensional case.) 
Let n = 2 or n = 3. Suppose that f i  E C;(R"), g j  E 
Ci(Rn), and 2 I p I q. Then there is a positive number To = 
To(&,  f i ,  g j ,  p ,  q )  such that there exists uniquely a classical local solution 
The classical solution ( u ,  v) of (1.1)-(1.4) is furnished by a 
u ( x , t )  = u , ( x , t )  + L ( F ( v ) ) ( x , t )  inR" X [ O , T ) ,  (6.5) 
v ( x , t )  = v o ( x , t )  + L ( G ( u ) ) ( x , t )  inR" X [ O , T ) ,  (6.6) 
THEOREM 6.1. 
( u , u )  ~X,o(2C,s )  of (1.1)-(1.4). 
Pro05 
solution of the following system of integral equations, 
where L ( F ) ( x ,  t )  is defined by 
L ( F ) ( x , t )  = l t l ( F ( s ) ) ( x , t  - s )  ds for ( x , t )  E R" X [O ,T) .  
0 
(6.7) 
Here I (g ) (x ,  t )  is given by (5.3) and (5.4). It is easy to see that 
I 1 ( g > ( x J > l  I t SUP Ig(x) l .  (6.8) 
x t R n  
Therefore, we have 
t 2  
IWwJ)l I - SUP IF(YJ)l (6.9) 
( y , s ) t R n X ( O , t )  
for ( x , t )  E R" X [O,T) and F E Co(R" X [O,T)). Using the above esti- 
mate, we get the following. I 
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Pro05 It is enough to show (6.10). By (6.9) with F = lu l lp ,  we obtain 
IIL(lu,Ip)II I CT211~,IIP? (6.12) 
which implies 
11 L ( I u , I O p  I u z  - 0)") 11 I C T 2  I I u ,  I I O p  I I u z  I - O ) p  (6.13) 
for 8 with 0 I 8 I 1, because 1 1  Iu1181uz11-011 I Ilull1811u2111-0. Since 
I lu l lp  - IuzlPI I P l U ,  - u,l(lu,l + Iuzl)y-l? 
using (6.13) with 8 = l/p, we get (6.10). 
Now a method of successive approximation is applicable to show the 
existence of the local solution ( u , u )  of (6.5) and (6.6) in X,(2C0s), 
provided that T satisfies 
C , ( ~ C O & ) ~ - ~ T ~  i, C , ( ~ C O & ) ' - ~ T ~  i. (6.14) 
Since it is possible to show that d;u(x, t ) ,  d;u(x, t ) ,  (171 I 2) are continu- 
ous in a similar fashion, we omit further details. (See also [12].) This 
completes the proof of Theorem 6.1. 
I 
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